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Abstract 
We introduce biangular nd triangular curved quadratic elements which are affine. This property simplifies assembling 
the stiffness matrix in contrast to isoparametric quadratic elements. 
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1. Introduction 
There are several ways of applying the finite element method to plane domains with piecewise 
smooth boundaries. One way is to approximate them by polygonal domains and then use 
uncurved elements. However, if for instance we employ common straight riangular quadratic 
elements to some elliptic boundary value problem, in general, the order of convergence in the 
Sobolev Hi-norm is (9(h 3/2) at the most due to the rough approximation of the curved boundary 
(see [7, p. 33]). 
Curved elements are often used to increase accuracy. For instance, considering a piecewise 
parabolic approximation of the boundary, the optimal order (9(h 2) maybe preserved if we employ 
the isoparametric quadratic elements of [1, 3-1 (or the ideal Zl~tmal element [9]). The function 
spaces of these curved elements consist of nonpolynomial functions, which cause several computa- 
tional difficulties. For example, we always have to integrate nonpolynomial functions to compute 
the stiffness matrices (see [6, p. 76]). We shall present an almost unknown approach to this problem 
(see [4, 5]), where it suffices to integrate only polynomials to obtain the stiffness matrix correspond- 
ing, e.g., to the Poisson equation with Dirichlet boundary conditions. 
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We examine curved quadratic finite elements which provide (under some assumptions) the 
optimal interpolation order C(h 2) in the Hi-norm globally. They can be transformed to the 
reference lements by means of affine mappings, i.e., no nonlinear transformation is necessary (as it 
is for isoparametric quadratic elements). This property simplifies assembling the stiffness matrices. 
2. Biangular quadratic element (K, P2(K), ~'K) 
Closed set K is a biangle with one curved side which is a parabolic arc (see Fig. 1), P2(K) is the 
space of polynomials of degree 2 at the most, defined on K, and the set of the degrees of freedom 
reads 
SK = {p(Aj),j = 1, ... ,61p~ P2(K)}, (1) 
where A1, A2 are the vertices of K, A 4 is the midpoint of the straight side A1 A2 of K, and points 
A3, A5 and A 6 will be defined later on (see (5) and (7)). Hereafter by x and A i (j = 0, 1, ... ) we shall 
understand not only a point in R 2, but also the column vector of its coordinates and, conversely, 
any vector x = (xl,x2) T is also considered as a point with coordinates Xl,X2. 
Now let us introduce the reference biangle 
A, = (1, 1) T, A 2 = ( -- l, l)  T, A 3 = (0, O) T, 
A5 /1 I.~T A6 = ( 1 I~T = ~2,4! , - -  2,4!  , 
g=< . . . .  T R21 ] <x2 t tx l ,x2)  E ^ ~<1}, 
po ints  
Ao = (0, - 1) T, 
A4 = (0, 1) T, 
and an affine mapping F so that 
A~ = F(.4~), j = 0,1,2, (2) 
X2 A F I^ 
' ~ ' / / . i / ' :  /I.1~ 
Ao 
Fig. 1. 
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where Ao is the intersection of the tangents to the curved side of K at vertices h 1 and A2 as shown 
in Fig. 1. 
The mapping F can be expressed as 
F :~ e []~2 ._~ X = F(~) = B~ + ¼(A 1 + A 2 + 2Ao), (3) 
where 
(bl l  b12"~ 
B=kb2,  b22 , /=½(A1-A2 '½(A1+A2) -A° ) "  
Since F is an aftine mapping and relations (2) hold, it follows that T = F(T), where T and T are 
the (straight) triangles with vertices Ao, Ax, A2 and 40, 41, 42, respectively, A4 = F(A4), 
K = F(K) (4) 
in such a way that the curved side of R is mapped onto the curved side of K, 
A3 = F(A3) (5) 
is simultaneously the midpoint of the straight line segment Ao A4 and the intersection of this 
segment and the curved side of K, and finally 
K' = V(/('), (6) 
where K' = T kK and K' = T \K  are curved triangles (see Fig. 1 and (12)). 
It remains to choose points A5 and A6 (see (1)). We take 
A5 = F(As), A 6 = F(A6). (7) 
Let (K, P2(K), r,r) be a biangular finite element, and let k(x) = 0 be the equation of the curved 
side of K. If for a polynomial p e Pz(K), 
p(Ai) = 0, i = 1,2,3,5,6, 
then p(x)= Ck(x), where constant C = 0 if p(A,,)= 0. Hence, finite element (K, Pz(K),,Y,K) is 
P2(K)-unisolvent. It follows that for any v e C(K) its interpolant rCKV e Pz(K) can be defined by 
7[KI)(AI) = v(Ai), i -- 1 . . . .  ,6. (8) 
The basis functions/~, ...,/36 of the reference biangular element (R, P2(K), 2;~) are determined 
by the relations 
/~i(4j) = ~i~, i,j = 1, ... ,6. 
Using these relations we readily find that 
~, (~,~z)  = ~2 ^ ^ ,]~,~ -~x ,  -  ¢1.1 -JV "~ X1X 2 "]- A - -  "~ "~ 2 , 
/33(~x,-~2) = 4(~2 -- 1)(0~2 -- ¼), 
/~5(xl,x2) = -~(1 - 322)(-~1 + 23~2), 
P2()~l ,  9~2) = P l (  - -  3~1,)~2), 
p4(X1,3~2) = X2 - -  X1, 
ff6()~l, X2) = Ps (  - -  9~1,3~2) • 
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Then, of course, 
pi(X) = pi(F- I(X)) ~tX E K, i = 1, ... , 6, (9) 
are the basis functions of the finite element (K, P2(K),SK). 
Due to (4) and (9), the computation of the stiffness matrix of element K can be replaced by the 
computation of the stiffness matrix of reference lement/£. For example, in view of (9) and (3) we 
have 
grad pi(x) = (B- 1)T grad/)~(F- ~ (x)), i = 1, ... , 6, (10) 
where 
(B_ I )T_  1 (b22  -b21"~_ 1 
detB --  b12 bll ,} - det----B *, 
B* is the matrix of cofactors of the entries of B. By virtue of (4) and (10) the entries of the stiffness 
matrix of element K corresponding to the Dirichlet problem for the Poisson equation can be 
expressed as 
(grad Pi, grad Pj)o, r - - -  
1 
(B*gradPi,B*grad~j)o.g, i,j = 1, ... ,6, 
I det B I 
where scalar product (B* grad/~i, B* grad/~j)0, g is an integral of a quadratic function over g which 
can be determined by using the formula 
fe£]£~2d£=l - ( -1) r+l  ( 1 1 3) 
s+l  r+ 1 2s+r+ ' 
where r, s/> 0 are integers. Thus no numerical integration is needed. This also applies to the 
computation of the stiffness matrix of element K corresponding to the Dirichlet problem for the 
elliptic equation 
~ ak, +cu=f,  (11) 
k,/=l 
where coefficients akt , k, I = 1, 2, and c ~> 0 are polynomials on K. 
3. Triangular curved quadratic finite element (K', P2(K'), ZK,) 
Closed set K' is a triangle with one curved side A1 A2 which is a part of a parabola, and two 
straight sides A1Ao and A2 Ao which are the tangents to the parabola at vertices A1 and A2, 
respectively (see Fig. 1), P2 (K') is the space of polynomials of degree 2 at the most, defined over K', 
and 
ap(Aj) } ZK,= p(Aj),j=O, 1,2,3; ~ , j=I,21p~P2(K') 
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where zj = Ao - A j, j = 1, 2. Hence, the set of the degrees of freedom now contains, contrary to the 
biangle element, wo directional derivatives. 
The unisolvency of the finite element (K', P2(K'), Zw) can be proved similarly as the unisolvency 
of the biangular finite element (K, P2(K), ZK) was proved. 
As has already been stated, affine mapping (3) represents a one-to-one correspondence b tween 
reference triangle 
K'={(~x A ,xz)x~2121~l l - l~<~2~<~ 2} (12) 
and triangle K' (see Fig. 1 and (6)). 
The basis functions of reference finite element (K', Pz(K'), Se,) are 
A A A A 2 ^ A ^ A A ^ 
p°(Xl,X2) = Xl  - -  X2, pl(Xl,X2) = ¼(2~ 1 -k- X 2 + 1) (3~ 1 - -  2X2),  
8: (~1,~)  = 8 ' (  - ~ ,~) ,  83(~1,~2) = (2~1 + ~2 + 1)( - 2~1 + ~ + 1), 
84(~,~: )  = ¼ x/-5(2~ + ~2 + 1) (~ - ~) ,  8~(~,~)  = 8' (  - ~1,~) ,  
and the basis functions of finite element (K', P2(K'), SK') are 
pi(x) = 8i(F-X(x)), i = 0, ... ,5. (13) 
Due to (6) and (13), the computation of the stiffness matrix of element K' can be replaced by the 
computation of the stiffness matrix of reference element/~'. Similarly as in the previous ection, no 
numerical integration is needed for computing the stiffness matrix of element K' corresponding to
the Dirichlet problem for elliptic equation (11), where coefficients akt, k, I = 1, 2, and c ~> 0 are 
polynomials on K'. 
4. Finite element spaces 
Now consider a bounded plane domain [2 # 0, the boundary 8f2 of which consists of a finite 
number of straight line segments and parabolic arcs and no part of af2 belongs to the interior of 
closure O. 
By partition ~--h of f] we understand covering f] by a finite number of arbitrary closed straight 
triangles, biangles and curved triangles uch that the union of all triangles and biangles is f], any 
two elements of Y-h are either disjoint or have a common vertex or a common side, and the curved 
sides of the elements belong only to the curved part of f] (see Fig. 2). 
For partition 3-h the discretization parameter h is the length of the largest side of all straight 
t r iang les  of~--h. A set of partitions ~ = {Y-h} off] is said to be a family of partitions if, for any e > 0, 
there exists ~--h e ~ with h < e. 
With any partition 9--h we associate finite element space Xh, 
Xh = {Vn ~ C(O) l Vh [K ~ P2(K) VK  ~ ~--h}, 
with the degrees of freedom symbolically shown in Fig. 2, and define the Xh-interpolant nhv of 
v ~ Cl(f]) in the usual way (see e.g. [1]). 
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Fig. 2. 
5. Global interpolation orders 
In this section we restrict ourselves to a domain ~2 from Section 4, the boundary 812 of which has 
the following property: Any sufficiently small straight line segment with the endpoints on the same 
parabola belongs to O. (In this case no partition of ~ contains curved triangles.) Furthermore, we 
assume regular families of partitions of f2 which are defined as follows: A family of partitions ~- is 
said to be regular if there exists constant ~o > 0 such that cth > ~0 for any Yh e ~,  where ~h is the 
magnitude of the smallest angle of all straight triangles of J'h (cf. Zlfimal's minimum angle 
condition in I-8]). 
Theorem. Let f2 be a plane domain the boundary of which has the above properties. Let {J-h} be 
a regular family of partitions of O, and let nhV be the Xh-interpolant of function v. Then for any 3-h, 
[Iv - rchvllo,~ < Ch3lv]3,0 VvEH3(O), (14) 
IIv - rchVlll,~ ~< Ch21vh, ~,o Vv ~ C3(~c2), (15) 
and also 
IIv - rChV II1,, ~< Ch 2 II v IJ4,~ Vv e H4(~2), (16) 
where II " Ib, o and I" Ij, ~ are the norm and seminorm, respectively, in Sobolev space Hi(f2), Iv 13,~,Q is the 
seminorm of v in C3(0), and C is a constant which does not depend on J-h and v. 
We shall outline the proof of estimate (16) only. For the proof of estimates (14) and (15) see [5]. 
Let 
7[KV = 7[hVlK VK E Yh, VV ~ H3(O) 
(cf. (8)). Then 
IIv-ZKVlI1,K ~< Clhlvl3,K Vv~H3(O) (17) 
for any biangle K e ~--h, where constant C1 does not depend on K and v, and 
IIv--rCTVlII, r<<..C2 h21vl3, r VvEH3(I"2) (18) 
sin ~T 
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for any straight triangle T • ~h, where ~r is the magnitude of the smallest angle of T, and where 
constant C2 does not depend on T and v (see 1-5, pp. 37, 45]). 
If f2h is the union of all straight riangles of ~'-h, then 
Ivl0,~h < C3h Ilvll~,~ Vve Hi(f2), 
where constant C3 does not depend on h and v (see I-2, p. 470]). Applying this estimate to all third 
derivatives of v • H4(f2), we have 
Ivl3,o\Qh ~< Cah II vl]4,~ Vv • n4(f2).  (19) 
Using (17)-(19) we now readily find that 
IIv - 7[h/.) IIl,O ~ IIv - 7ZhV ]ll,ah q- IIv - ~hv IIl.~\~, 
C h2 [iv H4,o. ~< .C5 h21vl3,o, + C6hlvh,~\~, <. sin~h 
sin ct h 
Since ~ is regular, estimate (16) holds. [] 
Note, that estimates (14)-(16) can be generalized, see I-4, 5], to the case when Of 2 consists of 
a finite number of parts of conic sections. However, in this case the function space of each curved 
element consists of rational functions, in general. In [4, 5], quadratic polynomials are used besides 
hierarchies of polynomials of odd orders. 
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